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1. INTRODUCTION 
The problem of classification of all simple groups whose order is divisible 
by exactly three primes is a well-known open question in group theory. As a 
contribution to the solution of this problem we prove the following 
THEOREM 1. Let G be a non-cyclic Jinite simple group and assume that 
o(G) = parbuG 
where p, Y and u are distinct primes and where 
pa > rb > UC. 
Then the following statements hold. 
(A) If a Sylow p-subgroup of G is cyclic, then G is isomorphic to one of the 
groups: PSL(2,5), PSL(2,8) and PSL(2, 17). 
(B) If a Sylow r-subgroup of G is cyclic, then G is isomorphic to PSL(2, 7). 
Only four other simple groups of order divisible by exactly three primes are 
known: PSL(2, 9), PSL(3, 3), U,(3) and U,(2). Each of these groups has a 
cyclic Sylow subgroup, however this Sylow subgroup is of smallest order. 
Using recent deep results of Gorenstein, Walter and Thompson, it is quite 
easy to prove the following theorem, which is needed for the proof of 
Theorem 1. 
THEOREM 2. Let G satisfy the assumption of Theorem 1. Then the following 
statements hold. 
(C) If a Sylow 2-subgroup of G is Abelian, then G is isomorphic to either 
PSL(2, 5) or PSL(2, 8). 
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(D) If  a Sylow 2-subgroup of G is dihedral, then G is isomorphic to one of the 
following groups: PSL(2,5), PSL(2,7), PSL(2,9) and PSL(2, 17). 
(E) If G is a minimal simple group, then G is isomorphic to one of the following 
groups: PSL(2,5), PSL(2,7), PSL(2,8), PSL(2, 17) and PSL(3,3). In 
particular, 3 divides o(G). 
Statement (A) follows easily from the following theorems, the proofs of 
which appear elsewhere [3]. 
THEOREM 3. Let G be a non-cyclic finite simple group and suppose that 
o(G) = parbs 
where p and Y are distinct primes, and 
s <pa - 1, (s,pr) = 1. 
Assume also that a Sylow p-subgroup P of G is cyclic, and if a > 2 then one of 
the following conditions holds: 
(a) [NGcp) : cG(p>l # p - 1 
(b) P = 3 
(c) p - 1 does not divide s. 
Then one of the following statements holds. 
(I) a = 1, Y = 2 and G is isomorphic either to PSL(2, p) with p = 2” & 1, 
p>3ortoPSL(2,2”)withp =2”+1 >3. 
(II) a = 2, p = 3, Y = 2 and G g PSL(2, 8). 
THEOREM 4. Let G s PSL(2, q), where q = pn > 3 and p is a prime. 
Assume that o(G) is divisible by three primes only. Then G is isomorphic to one 
of the following groups: 
(i) p = 2, PSL(2,4) and PSL(2,8); 
(ii) p > 2, PSL(2,5), PSL(2,7), PSL(2,9) and PSL(2, 17). 
Statement (B), like Statements (C), (D) and (E), requires some recent deep 
results in addition to Theorems 3 and 4. 
We use the standard notation CG( T), NG( T) and o(T), where T is a subset 
of the group G, to denote respectively: the centralizer, normalizer and number 
of element of T. If  a and b are integers, then (a, b) denotes their greatest 
common divisor. 
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2. PROOF OF THEOREM 1 
CASE (A). A Sylowp-subgroup of G is cyclic, p f 2 and one of the num- 
bers rb and uc is odd. If uc is odd, then it follows that 
UC <pa - 1, p-lru” 
and by Theorem 3, G g PSL(2, a) for some 4. Theorem 4 yields then, by 
inspection, that G is isomorphic to one of the following groups: PSL(2, 5), 
PSL(2,8) and PSL(2, 17).If rb is odd, then it follows from Theorems 3 and 4 
that no such group exists. 
CASE (B). We assume that a Sylow r-subgroup of G is cyclic. Since G is 
simple, r f 2. Suppose first that u # 2. Then uc < rb - 1, Y - 1 7 uc and 
Theorems 3 and 4 yield: G s PSL(2,7). 
It remains only to show that the case u = 2 is impossible. Suppose first 
that 
2" < rb - 1. 
If either r = 3 or r - 1 does not divide 2”, then by Theorems 3 and 4 no 
such group exists. Next suppose that r # 3 and r - 1 divides 2”. Then by 
Theorem 2, part (E), p = 3, T = 5 or 17, and b # 1. Let R be a Sylow 
r-subgroup of G and let 4 = [N,(R) : Cd(R)]. If 4 # r - 1, then by Theo- 
rems 3 and 4 no such group exists. Thus assume that 4 = r - 1 = 2”, w > 0. 
By Proposition 2.1 of [3], the principal r-block B of G contains t = (rb - 1)/q 
exceptional characters X,, , h = 1 ,..., t, and 4 non-exceptional characters 
xi ) i = l,..., q. If xi = X,(l) and x,+ = X,(I), then x,, = x,, = ZI,,@ - Eoq 
for all h and xi = v6yb + l i , i = l,..., q, where ci = f 1 and vi are non- 
negative integers for all i. By Corollary 2.1 of [.3] the following formula holds: 
Since B contains the principal character of G, at least one xi , say xj , is not 
divisible by p. By the above formulas also r does not divide xi and therefore 
xj divides 2”, xj < rb - 1. Thus xi = x0 and either x,, = rb - q or x,, = q. 
Since q = 2” > 2, x,, # rb - q and consequently 
x,=r--l= 
I 
4 if r=5 
16 if r = 17. 
Let X1 = lo; then 
q$, + ‘$1 = -(r - 1) + 1 = -(r - 2). 
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Thus by (1) there exists xi , i f  0, 1, say xs , such that xa is not divisible 
by 9. Since xa > r b - 1 and 2” < rb - 1 it follows that 
x2 = 3 * 2d, c-l <d<c. 
But xs = vZrb + Ed , hence ~a is odd and it follows from 3 * 2d < 3 * rb - 1 
that 
x2 = 3 .2d = rb + E2 .
Suppose that ~a = 1. In both cases r = 3k - 1, k even, and therefore b is odd. 
But then 
rb + 1 = 3k(kd + b) 
for some non-negative integer d. It follows that kd + b = 1, b = 1 in 
contradiction to our assumptions. Next assume that l a = -1. Then b is 
even, say b = 22, and 
3 . 2d = (P - l)(r” + 1). 
I f  d==l then P-1=1, rz + 1 = 6, a contradiction. If  d > 1 and 
P = -1 (mod 4), then rz - 1 = 6, rz = 7, a contradiction. If  finally 
rz = I(mod 4), then P + 1 = 6, rz = 5 and x0 = 4. It follows then by [I] 
that G could possibly be isomorphic to one of the group PSL(2, 5), PSL(2,7), 
PSL(2,9) and Sp,(3). However none of these groups has order divisible by 
25, and again we reach a contradiction. 
It remains only to deal with the case 
2c = rb - 1. (2) 
First assume that b > 1. Then by Lemma 3.1 of [.?I, the only solution of (2) 
is r = 3, b = 2 and o(G) = pa * 9 . 8. Thus the Sylow 2-subgroup of G is 
either dihedral or Abelian. In both cases it follows from Theorem 2 that no 
simple group exists which satisfies all our assumptions. 
Finally, let b = 1 and 
r =2c+1. 
Since G involves a minimal simple group, it follows from Theorem 2, part 
(E) that 
either r = 5, or Y = 17. 
If  r = 5, then o(G) = 4 * 5 *pa and by part (D) of Theorem 2 no such 
simple group exists. I f  r = 17, then o(G) = 16 * 17 *pa and as G involves 
PSL(2, 17), its Sylow 2-subgroup is dihedral. As before no such G exists. The 
proof of Theorem 1 is complete. 
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3. PROOF OF THEOREM 2 
CASE (C). Since the Sylow 2-subgroup of G is Abelian, it follows from 
[6] that G is isomorphic either to some PSL(2,q) or to a group of Ree type. In 
the first case it follows from Theorem 3 that G is isomorphic to either 
PSL(2,5) or P&%(2,8). We will complete the proof by showing that no group 
of Ree type is divisible by 3 primes only. Indeed, the order of a group of Ree 
type is of the form 
33733" + 1)(3” - l), where n=2m+l, m>l. 
Since (33n + 1,3” - 1) = 2, it suffices to show that none of the equations 
33* + 1 = 2” and 3” - 1 = 2Y 
has an integral solution in x or y. Now it follows from Lemma 3.1 in [3] that 
the equation 
3a - 20 = 6, E = Al, 
has no solutions with a > 3, thus proving the above assertion. 
CASE (D). Since the Sylow 2-subgroup of G is dihedral, it follows from 
[2] that G is isomorphic to some PSL(2, n), 4 odd. Theorem 4 then yields the 
result. 
CASE (E). Since G is a minimal simple group, it follows from [5] that G 
is isomorphic to one of the following groups (see [4], p. 190). 
(a) PSL(2, p) where p > 3 is a prime and p2 = l(mod 5); 
(b) PSL(2,29 where 4 is a prime; 
(c) PSL(2, 3q) where 4 is an odd prime; 
(4 PSL(3,3); 
(e) Sz(q) where q = 2’ and r is an odd prime. 
Thus, in view of Theorem 4, it suffices to show that none of the Suzuki groups 
is divisible by three primes only. The order of a Suzuki group is of the form 
22'2m+1'(22'2"+1' + 1p2m+1 _ I), m 2 1. 
Since (22(2”1+1) + 1, 22m+1 - 1) = 1, it suffices to show that the equation 
22(2m+l) + 1 =px 
has no solution in integrai x and prime p. If  x > 2, then by [3], Lemma 3.1, 
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2(2m + 1) = 3, which is not the case for any m. I f  x = 1, thenp = 5 since 
22(2m+1) + 1 E O(mod 5), again a contradiction. This establishes part (E) 
and completes the proof of Theorem 2. 
REFERENCI?S 
1. BLICHFELDT, H. F. “Finite Collineation Groups.” Univ. of Chicago Press, Chicago, 
Illinois, 1917. 
2. GORENSTEIN, D. AND WALTER, J. H. The characterization of finite groups with 
dihedral Sylow Z-subgroup, I, II, III. J. Algebra 2 (1965), 85-151, 218-270, 
334-393. 
3. HERZOG, M. On finite groups with cyclic Sylow subgroups for all odd primes. 
To appear. 
4. HUPPERT, B. “Endliche Gruppen I.” Springer-Verlag, Berlin, 1967. 
5. THOMPSON, J. G. Non-solvable finite groups all of whose local subgroups are 
solvable. To appear. 
6. WALTER, J. H. The characterization of finite groups with abelian Sylow 2-subgroup. 
To appear. 
Printed in Belgium 
